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1. INTRODUCTION

The theory of polynomial spline functions interpolating prescribed data at
knotsx; < x; <... < x,has proved amenable to extension in several directions.
Schoenberg [15] initiated the departure from polynomial splines by considering
trigonometric interpolating splines. Greville [8] was the first to study splines
associated with a general linear differential operator interpolating simple data.
Ahlberg, Nilson and Walsh later supplemented Greville’s treatment in [I].

On the other hand, Ahlberg and Nilson [2] introduced polynomial splines
interpolating arbitrary derivatives at the knots {x,},* (Hermite-Birkhoff data),
and Schoenberg [16] subsequently refined this theory. Later authors, e.g.,
Karlin and Ziegler [11] and Schultz and Varga [17], considered splines associ-
ated with a general linear differential operator, interpolating consecutive
derivatives (Hermite data).

The purpose of this paper is to investigate splines corresponding to a general
differential operator which interpolate general data, including, e.g., Hermite—
Birkhoff data. To accomplish this, we employ a Hilbert space approach
similar to that found in Golomb [6] and Anselone and Laurent [3]. The
advantages of this approach are that existence and uniqueness results are
clearly distinguished, characterization of the splines is facilitated, and explicit
computational algorithms, involving inversion of positive definite m-banded
matrices, are obtained. In addition, we carry out the theory for data prescribed
at an infinite number of points, determine the best approximation of linear
functionals in the sense of Sard, and investigate splines where interpolation is
relaxed to inequality constraints on certain linear functionals. Hilbert space
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30 JEROME AND SCHUMAKER

techniques have also been employed by Atteia [4], de Boor and Lynch [3], and
Sard [13], but not for the cases of the general data considered here.

We now define the notion of an Lg-spline. Let L be a linear differential
operator of the form

L=ia-(~‘£)j a,(x) #0on [a,b], a;€C'la,b], O<j<m (1.1
& J dx s m s Y1y J ]

We denote by 5#,"(a,b) the Hilbert space of real-valued functions
f e C™a,b], such that f ™1 is absolutely continuous and Lf € .Z,(a, b), with
the inner product

(e ='3 1) 9@+ [ Lf L,

Suppose A = {A\;};" is a sequence of continuous linear functionals, linearly
independent on 3#,™, and suppose r = (r,7s, ..., t,) € E™.

DermrTioN 1.1, A function s € 27, is called an Lg-spline interpolating r with
respect to /A provided it solves the following minimization problem:

ILsllg, = min [Lf|&,,
JFeu()

Ury={fed,": N f=r;, 1 <j<n}. (1.2)

We have chosen the terminology “Lg-splines” since it has been customary to
call polynomial splines interpolating Hermite-Birkhoff' data g-splines, and
splines associated with a general differential operator, L-splines.

The variational problem (1.2) can also be considered in Z,(R), provided
the coeflicients of the differential operator (1.1) are sufficiently regular. In this
case, a solution of the minimization problem is referred to as a natural Lg-
spline. In the following we shall be concerned primarily with the case of an
interval [a, 5]

2. EXISTENCE AND UNIQUENESS OF Lg-SPLINES

If Lis a linear differential operator as in (1.1), then it is easily seen to define a
bounded linear operator from J#,™(a, b) onto Zo(a, b). Its null space N = N, is
of dimension m and is spanned by functions {#}," in C™[a,b]. We formulate
the main result of this section in

THEOREM 2.1. There exists an s € ;™ satisfying (1.2). A function s € U(r)
solves (1.2) if and only if

f: LsLg=0  forevery geU(Q). @.n
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Moreover, any two solutions of (1.2) corresponding to a prescribed r € E" differ
by a function in N, and (1.2) possesses a unique solution if and only if N 0 U((}
= (0).

Proof. In view of the linear independence of the {A;},", the closed flat U(r)
of (1.2) is a (non-empty) translate of the subspace U(0) = {fe #,":A; f=0,
1 < j < n}. The facts that U(0) is closed and N is finite dimensional imply that
U(0) + N is closed. Since L is onto, it follows from Lemma 2.1 of [6] that
LU(0) and thus LU(r) is closed, and hence the minimization problem (1.2}
possesses a solution. Viewing (1.2) as a projection problem in .%,, the ortho-
gonality relation (2.1) is immediate.

Conversely, if (2.1) holds for some s € U(r), then it follows easily that sis a
solution of (1.2). Indeed,

Jary=[@r+2 [ @sytr-Ls) + [ @r—Lsp

= [ @sp+ [ @r-Lsy

for every f € U(r), and thus [(Ls)* < [Lf)?for all f € U(r). Clearly (2.1) implies
that any two solutions of (1.2) differ by an element of ¥, and hence (1.2)
possesses a unique solution if and only if ¥ N U(0) = (0).

COROLLARY 2.2, The class of Lg-splines
& = P(L,A) = {s:5satisfies (1.2) for some r = (ry, ..., r,) € E"}

is a finite dimensional linear subspace of ¢,™, withdim& = n + dimN N U(0).
Moreover, N< &.

Proof. To show linearity, let s and § be splines in % interpolating  and 7, and
lets* = ys + 95, where y, 7 are real. We claim: s* satisfies (1.2) for r* = yr 4 J7,
Indeed, s* € U(r¥), and by (2.1), if g € U(0),

ngLs* =y ngLs + 7ngL5= 0.

But then, by Theorem 2.1, s* satisfies (1.2) for r*,

We now show the finite dimensionality of & by constructing an explicit basis.
Let s; be a solution of (1.2) corresponding to 7 = the jth row of the n X n
identity matrix, i.e.

Aps;=8;; I<i<n, I<j<a 2.2

LemMA 2.3. Suppose dim(N N U(0)) =d, and let {v;},* be a basis for N N U(0).
Then dim& = n + d, and the functions {s;};" U {v;}," form a basis for &.
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Proof. Let s € &, and set 4 =5 — >7_; (A;5)s5;. Clearly 4 € U(0) N &, and
thus, by (2.1),

0= j LALA = j (LAY

But this implies that 4 € N N U(0), and hence

n d
§= ZIO‘iS)SH' Zl‘)/i v
i- i

for some {y;},%. We now establish the linear independence of {s;}," U {v;},%.
Suppose

n d
= 21 Bis: + 21 Y1 0;=0.
Then 0 = A,0 = B;, 1 <j < n, and since the {v;},? are linearly independent, we
also have y;=0, 1 <j<d. The fact that N<.% follows trivially from the
characterizing orthogonality relation (2.1). This completes the proof of
Corollary 2.2,

Following [16] we call the interpolation problem (1.2) poised with respect to
L provided that N N U(0) = (0). In this case there exists a unique Lg-spline
interpolating r with respect to 4, and Lemma 2.3 asserts that % is of dimension
n and is spanned by the {s;}," themselves.

3. CHARACTERIZATION OF Lg-SPLINES INTERPOLATING EHB DATA

The class of linear functionals
m—1 b
Lm = {)\: M= > | FO%x)du(x), ; of bounded variation}
i=0 a

provides an example of the type of linear functionals which are suitable for /.
For this section it is convenient to single out two special choices of 4. We say
that A generates a Hermite-Birkhoff (HB) interpolation problem, if to each
A, €A there corresponds a pair (x;, ) such that A, f=fY9(x,), where
a<x;<b and 0<j;<m—1. On the other hand, if for each A, &4,
Af =" oy £ 9(x,), where o;; are real numbers, we say that /A generates an
Extended—Hermite-Birkhoff problem (EHB) provided that the vectors
o = (0t 0, % 15 - +» % u—1) defining linear functionals A; associated with the
same point are linearly independent. It is easy to see that an (HB) interpolation
problem is a special case of an (EHB) interpolation problem. We also remark
that any » linear functionals defining an (EHB) interpolation problem are
linearly independent over 5,™ by virtue of their form and the assumption on
the «;’s.
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The main result of this section is Theorem 3.6 which characterizes Lg-splines
interpolating EHB data. The key tool for this purpose is the orthogonality
relation (2.1). We begin by defining a knot. An Lg-spline s interpolating
r={(ry,ry, ..., Iy) with respect to A = {A;}," is said to have a knot at the point
x € [a,b], provided some A; € A involves evaluation of some jth derivative,
0<j<m—1, at x. We now show that any solution s of (1.2) corresponding
to EHB data A satisfies L*Ls(x) =0 in the intervals between its knots
A= x; <X <...<Xx,<b, where L* is the formal adjoint of L defined by

LEf= 3 (1) (a; /)Y
i=0
Let g € C.°(x;, x:4,)- Then g € U(0) automatically, and hence (2.1) yields
_ b - Xi+i %
0= fu Lslg = fﬁ sL*Lg,

upon integration by parts. It follows by well-known arguments that L* Ls(x) =0
on (%, X;41)-

Next we prove that Ls(x) = 0 for g < x < x; and x; < x < b. First we notice
that the above discussion applies equally well to show that LZ*Ls(x) =0, and
thus that Ls is continuous for 0 < x < x; and x; < x < b. Suppose now that

Ls(§) #0forsome a < £ < x,. Let
oy [5G, x <x<b,
§6) = {u(x), a<x<x,

where u(x) € N satisfies u(x;) = s/(x;), 0 <j<m— 1. Then § € H#," and
J (L3)* < [ (Ls)* Butsince A;s = A, § for all A; € 4, this contradicts the fact that
s minimizes (1.2). A similar proof holds for the interval (x;,5).

We now suppose that x € (g,b) and that s is an Lg-spline interpolating EHB
data. If ¢>0 is sufficiently small and ge U(0) N C*(x — ¢, x + ¢€), then
integrating (2.1) by parts gives

x+e m-1
0- [ LsLg- 2 89@I0:5)s (3.1

where

m—i—

1
Ois="3 (D) @100 L)Y
j=0

and the notation [-], is defined by [¢]. = é(x+) — ¢(x—). A relation ana-
logous to (3.1) also holds for the points a and b, with [¢], = ¢(a+) and [$], =
—¢(b-).
To facilitate the characterization of splines interpolating EHB data, it is
convenient to rearrange (3.1). Let o= (o, ;)6 6™, /< m, be of rank /, and let &
3
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be an m x m nonsingular matrix obtained by augmenting «. We denote by
1 = (n;;) the inverse of the adjoint of & The proof of the following lemma is

trivial.

LEMMA 3.1, Let

m-1 :
d\¢ m--1
Mi: &”('—J‘C) and Ri= Z 7]”‘01', 0<i<m*1.
J=0

i=0 Z
Then
m—1 m—1
=ZO gV(X)[0;5], = =ZO M;g(x)[R;s], (3.2
forallge #,"ands € L.

THEOREM 3.2. Suppose s is an Lg-spline interpolating {r;}," with respect to
A ={\}", where A generates an EHB interpolation problem. In particular,
suppose x € [a,b] is a knot of s and that there are I(x) linear functionals in A
which involve some derivatives of s at x, of the form

m—1
MPs(x)= 2 ax)sVx), O<i<lx)-1, (3.3)

i=o
where {o; = (03,0, - - +» % m1)}6" " are assumed to be linearly independent. Then
[R5l =0, Ix)<j<m—1, (3.4)

where the R$® are defined as in Lemma 3.1.

Proof. Assume x € (a,b) and fix j, [(x) <j < m — 1. Choose € > 0 such that x
is the only knot of s in the interval (x — ¢, x + €). It is easily seen that there
exists a function g € C,*(x — ¢, x + €) satisfying § = &' I;, where I; is the jth
column of the m x m unit matrix and g = (g(x), ..., g™ P(x))7.

By construction M g(x) =3,;, 0 <i<m— 1, and g € U(0). Now combin-
ing (3.1) and (3.2) yields 0 = [R{s],. The cases when /(a) > 0 or I(b) > 0 are
handled similarly.

We note that since s € C™1,

([Om—l s]xa rees [OOS]x)T = g([s('m]x’ sy [S(Zm—l)]x)r’
where ¢ is lower triangular with +a,2(x) on the main diagonal. Since

(IRE? 5], -, [RG21 8107 =1([008]ss - - s [Om-15197,

it follows that the equations (3.4) represent m — I(x) linearly independent
relations among the {[s"],}2"~! at the point x. The choice of the augmenta-
tion & of « in Lemma 3.1 is not critical inasmuch as any two choices lead to
equivalent sets of m — I(x) linearly independent relations.
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The following corollary is an easy consequence of either Theorem 3.2 or its
proof.

COROLLARY 3.3. Suppose s is an Lg-spline corresponding to an HB inter-
polation problem. If the Ith derivative (0 <1< m — 1) evaluated ar the knot x is
not involved in the HB data, then [O,s], = 0.

COROLLARY 3.4. Suppose s is an Lg-spline corresponding to an HB inter-
polation problem, and suppose v denotes the order of the highest derivative speci-
fied at a knot x € (a,b). Then [s'P], =0for0<j<2m—2—v,

Proof. Since s € C™1, it follows trivially that [s?],=0for 0 <j<m—1.
Now suppose the conclusion is valid for all j satisfying 0 <j<p<2m—2—v,
In view of the assumption that the highest derivative specified at x is of order »,
we deduce that the 2m — p — 2™ is not involved. Hence by Corollary 3.3

p-m+l )
0={0n_p_s5l= .ZO ) (@ amep1 L)
i

Using Leibnitz’s rule and the inductive assumption [s*], =0 for 0 <j<p,
this reduces to 0= (-1)""a,2s?*V],, and the assertion follows since
a,2(x) # 0.

In the special case that L = (d/dx)™, the Lg-spline interpolating HB data is
called a g-spline (see [16]). We have

COROLLARY 3.5. Let s be a g-spline interpolating HB data, and suppose the Ith
derivative (0 < I < m — 1) is not specified at a knot x. Then [s®"~'-1], =0.

Proof. By Corollary 3.3,

m-i—1

0=[0,s]. = go (=17 (@410, LD,

But for L = (d/dx)™ we have a;=0, 0 <j<m— 1, and hence this reduces to
0= (__l)m—l [S(Zm-l—-l)]x.
We close this section with the following characterization theorem.

THEOREM 3.6. Let s be an Lg-spline interpolating EHB data {r;}," with respect
to {A;}," Then

L*Ls(x)=0 if x is not a knot, and x € (a, b). (3.5a)
)\is =r, 1 <i<n. (3-5b)
[R¥)5], =0 Ix)<i<m—1,if xis a knot, (3.5¢)

Ls(x) =0 fora<x<ux,andx,<x<bh. (3.5d)
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Conversely, any function s € 3," satisfying (3.5) is an Lg-spline interpolating
{r}\" with respect to {A\}\". In particular, if the EHB interpolation problem is
poised then (3.5) uniquely characterizes the spline.

Proof. The direct implications have already been established above. By
Theorem 2.1, the converse follows immediately from the easily verifiable
relation

f "Ls(Ls—If)=0, foranyfeU().

In the case of natural Lg-splines interpolating EHB data, Theorem 3.6 holds
with @ = —o0 and b = +w in (3.5d).

4. A BASIS FOR LS

In this section we derive a basis for the space L% which leads to a method for
the computation of Lg-splines involving the inversion of a positive definite m-
banded matrix, This is of more than academic interest inasmuch as the usual
bases for splines frequently lead to ill-conditioned systems of equations with
full matrices (cf. [3], [9]). The analysis is similar to that in [3], and in the
development we obtain a number of lemmas of independent interest.

Asremarked in §2, the L of (1.1) is a bounded linear operator from 5#,™(a, b)
onto Z,(a,b). Let L* be the adjoint operator from #,(a,b) into 5,™(a,b),
defined by

Ly, x), = (7, L X) o m. “.1)
By the closed range theorem (see [18], page 205),
R(IDY=R(LY=N;+* and  Ng.=(RL)*=(0). 4.2

Thus (L9)™! also exists.
Throughout the remainder of this section we assume that A= {A},"

consists of linear functionals on #£,™ in the class ™ defined in §3, and that
N N U©) = (0).

LemMA 4.1. N N U(0) = (0) if and only if there exists a subsequence {A;},™ of A
which is linearly independent over N.

Proof. Suppose {A;}," is linearly independent over N, and letu e NN U 0).
Thenu =37 y;u, for some {y;},™, and

m
0=Xiu= Z 'ijiuj, 1<i<m.
j=1
By the assumption of the linear independence, the matrix( A,u;)7* is non-
singular, and hence y; =0, l <j<m,ie.,u=0.
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Conversely, suppose no m X’s in 4 are linearly independent over &, i.e., the
matrix 4 = (A;u)}'T has rank less than m. Then the mapping A:E™ — E”
possesses a non-trivial vector y = (y,, ..., ¥, in its nuil space. But then
u= ", y,u; € NN UQ),and us£0.

In the remainder of this section we shall use a slightly different inner product
for #7,™ which is equivalent to the one defined in §1. Namely, we set

(D= 3 NufKig+ [ If Led, @3

where {A;}," is linearly independent over N, as in Lemma 4.1. By the Riesz
representation theorem, there exist functions k; € £,™ such that

Mf=(fk)gm 1 <j<n.
LemmMa 4.2. {k;}," forms a basis for &.

Proof. To show that k; € &, we show that it satisfies (1.2) with r, = Ak,
I<igsnéeU@E)withr=_(r,...,r,), then

0= )‘j(‘/’ - kj) = (95 - k,-, kj)wzm-
But by the definition of the inner product, this yields
0= 5 K¢~ k)Xk; + [* (L — Lk) Lk;dx = [* (L — Lk)) Lk, d,

i=1
and thus by Theorem 2.1, k; € &.
As remarked at the end of §2, the assumption of poisedness assures that
dim& = n, and thus the proof will be completed by establishing that {k }," is

linearly independent. Suppose D%_, v;k;=0. Then if s, 5,,..., 8, are the
fundamental splines of (2.2),

=

0=73 yikp )=, l<i<n
Jj=1

it

Lemma 4.3. 36,7 = @ U(0).
Proof. Since & is finite dimensional, it suffices to show that U(0) = %+, By
(2.1), clearly U(0) = &+, On the other hand, if f € &+, then by Lemma 4.2,

N f=(fk)sp,m=0, I<i<n,
ie.fe UO).

A simple corollary of the above lemma is the fact that for any f e 5£,™, the
function s € & obtained by projecting f onto & satisfies (1.2) with r; = A, f,
I<ign
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LeMMA4.4. (LS YL = LY.

Proof. By Lemma 4.3, &+ = U(0) and so LY < (LF1)* follows trivially
from (2.1). Conversely, if f € (LU(0))*, then 0 = | fLg for every g € U(0). Let
f e o, be such that Lf = f. Then

0= [ L7 Lg = (8. )wum
since g € U(0). This asserts that f € U(0)t = &, and thus f € LY.
LeMMA4.5. L L =N+ N &.

Proof. Suppose y € L°LY,i.e.,y = L°x, x € LY = (L%*)*. By the definition
(4.1) of L?, we have x e (L¥1)* if and only if L*x € &. Therefore y € &, and
since y € R(L*)= N+, we have shown that L*L¥ < Nt N &. For the con-
verse, suppose ye N+ N &, ie., ye R(L*) N &. Then y=L*x € & and as
noted above x e LY, i.e., y e L°LY.

It is now convenient to introduce a function 8(¢, x) such that every f € #,™
has a representation

F©O= 3 b+ [0, DL 44

Following [8], let W(x)=(u{P(x))7{" be the Wronskian matrix of the
functions {u;},™ which span N. The assumptions on L assure that |W(x)| # 0
for x € [a,b]. Define 8(¢,x) = a(§)[W (x)]7 1., where @(€) = (uy(§), ..., un(£)),
and I, is the last column of the unit matrix of order m. Then the function

A (¢, x) for & > x,
06, %) = {0 for £ < x,

leads to (4.4) (cf. [8]). For example, in the special case L = (d/dx)™, we have
B(¢,x) = (¢ — xym1, and (4.4) is just Taylor’s formula with integral remainder.
For later reference we remark that although 8(-,x) ¢ 5#,", nevertheless
X 0(-, x) is well defined for almost all x € [a,b] if A, € £,

Before exhibiting a basis for L.%, we establish the existence of vectors
ﬁj = (Igjls et ﬁjn)a I<j<n—m, SatiSfying

{B,;}1™ is linearly independent, (4.5a)
n
2> Bihu =0, 1<i<m, l<j<n—m. (4.5b)
i=1

To accomplish this, consider the mapping AT: E* — E™ defined by the matrix
A = (A1)}, By the poisedness assumption, A4 is of rank m, and hence there
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exist linearly independent vectors 8; € E”, j=1,2, ..., n —m, which span its
null space, i.e., satisfy (4.5).

'THEOREM 4.6. The functions
[i= 3 BuX (-, %) I<j<n—m {4.6)
i=1
form a basis for LS.

Proof. First we notice that
dim(LY) =dim((LY) 1 (NL N L)) =dim(N+ N .F),
by Lemma 4.5 and the fact that (L%~} exists, Moreover,
dim(N*t N &) = dim(F) + dim(N N FL) — dim(N).

But N N &L =(0), inasmuch as N < &, and since dim(&) = n, it follows that
dim(L&) =n —m.

To show that f; € L%, it suffices to establish L*f; e L°LY = N1 N &. By
(4.1) and (4.5b),

CfpPosn= oLz~ 3 BadOLd)s, = 3 Bk =0

for ¢ € U(0). (Here we have relied on a standard application of Fubini’s
theorem, yielding (A0, L) ¢, = A8, L) z,). Hence L7f; € U(0): = & . On the
other hand,

(Laff’ lp)-#’z"‘ = (f;'sL‘/’);?z =0

iff e N,ie., L*f; € N+ also.
Finally, we verify the linear independence of { /;}i™™. Suppose >4t v, f; =0.
Then if 5, is the spline satisfying (2.2),

0= -21 vilfi Ls) g, = Zl Vi Zl Bi M. Ls)g,
J= J= i=

n—-m n n—m

= gl Vi ;1 ByilAis; + A ] = El viBit I<l<n. (¢ N).

In view of (4.5a), the matrix (8;,); 77" is of rank » — m and hence this implies
vi=01l<j<n—m.
By virtue of the above theorem, any Lg-spline interpolating {r;},* with
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respect to {A}," =A< L™ satisfies Ls(x) = D" ¢; fi(x), where {c;}i™ is
uniquely determined by the system of equations

n—m

S clfufe=Usfz= Bl 1<j<n—m, @)
since the Grammian det( f;, f;) # 0. The inner product ( f;, f3) is given by
Unfdes= 3, 3 BuBuO B0 2,00, 9 (+8)
Finally, by (4.4) and the above representation of Ls,

509 =2, el0ep). i+ 3 quul)

where {g,},™ is uniquely determined from the system
m ~ n—m .
gl g Auy =7 — 21 A0,z l<j<m, 4.9

where {A;},™ is as in Lemma 4.1, and {#;},™ is the corresponding sequence of
prescribed values.

Iiisimportant to notice that the basis { f;}1 for L& defined in (4.6) depends
on the choice of {8,};™™. In general, the matrix of the system (4.7) will not be
m-banded. However, we shall now show that the 3,’s can be chosen to satisfy
(4.5) and to yield a sparse matrix in (4.7). First we notice that

(f;:fj)fz = uél yé:l :Biv IBj;z(pvs Pu),?p

= ﬁ i P:BJ'Ta

where p = (pi;) = (pi> p;),) and p;(x) = X; (-, x). Since p is the Grammian of
{p:},", it is nonnegative definite. By (4.6), L% is contained in the span of
{p:}:", and hence the rank r of p is at least n — m. It follows that the null space
N, of p has dimension n — r < m. We conclude that p defines a pseudo-inner
product ,
) =xpy", X=X Y= .. 00

for which (x, x), = 0if and only if x € N,,, i.e., the set of vectors in E" with zero
p-length is of dimension at most n — r < m.

THEOREM 4.7. There exists a {8,*}; ™ satisfying (4.5), with
Bs* Bi*)o = (Bi*, B;%), =0, i#J, l<isn—2m, Il<jg<n—m.
(4.10)

Then (( 3, f7),) consists of the identity matrix of order n — 2m in the upper left-
hand corner, an m x m matrix in the lower right-hand corner and otherwise
possesses zero elements.
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Proof. We observe that the result is immediate if n — m < m. Suppose now
that n— m > m. Let {B;}7™" satisfy (4.5). We now proceed by induction to
obtain {,*}1" with the property (4.10). Since {8,;} 1™ is linearly independent
there exists a f8;, say B;, of nonzero p-length. Then we may take

= Igl/\/(lgh Bl)p'
Suppose now that B,*, ..., 8;* i <r—m, have been obtained by ortho-
normalizing B, ..., B;. We now select ;. Consider
[e.- 3 86mp0
J=i+

which is easily seen to be linearly independent. Now sincen —m — i >n—r, at
least one of these vectors, say

3i+1 = ﬁi-!—l - Vél ﬁv*(ﬁv*a IBj)p’

has nonzero p-length. Then we take B}, ; = ﬁm/ \/(Em, 3H Dpr
Assume now that {8;*}1™™ has been obtained by orthonormalizing {837 ™.
Then we choose

Bj*zlgj _Zl (B.i’ﬁv*)ﬁv*v r_m+1<]<n_m

It is easily verified that this inductive choice of {8,*}1™ satisfies the theorem.

5. INTERPOLATION ON INFINITE SETS

In this section we shall consider a generalized interpolation problem on
arbitrary closed sets B of R as in [7]. Indeed, let {M P}:2~! be a collection of
operators defined for each x € B, with 1 < /(x) < m, where m is the order of the
differential operator of (1.1) and

k
M = 3 oy(x) (_d;C) > i=0,1,..,l1(x)- 1,

with M §” $(x) = ¢(x). It is assumed that, for each x, {M ?}3-! is a linearly
independent sequence of rank I(x), i.e., the /(x) vectors e;(x) = (o;(x)) are
linearlyindependent. Foreach x € B, the sequence {M (P}}®2~! canbe augmented
to form a sequence {M P} ! of rank m as in Lemma 3.1. Let {R{}} be the
sequence of operators defined there. Then for each x € B— B’, where B’
denotes the set of limit points of B,

[rurLg = [ L*1u-¢ + "S M® ) [ROul., (5.1)
¥ 3 i=0

where J is any interval such that J N B={x}, ¢ is an arbitrary function in
C.2(J), and u € C?(J — {x}).
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We seek a solution to the generalized interpolation problem:

L¥*LF(x)=0 xeR—B (5.2a)
MPFx)=M®f(x) i=01,...,I(x)—1, xeB, (52b)
Fed,™(R) N AR —B) N Dy, (5.2¢)

where fis any prescribed function in 2#,™(R), and

HAR) = {u:u™ D is locally absolutely continuous with u™ locally square
integrable},

HL(R) ={u € HT(R): Lu € L5(R)},
Dp={ue,"(R) NHA"(R—B):[R¥u],=0, xeB-—B', and
=I(x),...,m—1}

There exists a solution to the interpolation problem (5.2) which is unique
under additional hypotheses. This result slightly generalizes results in [7] and
the proof will not be duplicated. The approach is to consider a minimization
problem in 5#;™(R), asin §2, over a closed flat defined by (5.2b),and to identify
the solution of the minimization problem with the solution of (5.2) through the
use of (5.1). Any two solutions of (5.2) differ by a null solution for L in the
special case that the problem:

L*F(x)=0 xeR—B
(5.3)
FegZ(m)s

has only the identically zero solution. In this case we shall say that L satisfies
property (5.3). Then the solution of (5.2) is unique if any null solution for L,
which satisfies (5.2b) homogeneously, must be identically zero, which is true if
N, is spanned by a Tchebycheff system, and B contains at least m points.

It is well to point out that for any x € B’ the values f ®(x), k=1,2, ...,
m — 1, are determined by the values of f on B in a neighborhood of x, if
fe 2, ™(R). Thus, the operators M P, 0 < i < I(x) — 1, are significant only for
x € B— B’. We summarize the preceding discussion in

THEOREM 5.1. There exists a real-valued function satisfying (5.2). If L has
property (5.3), then any two functions satisfying (5.2) differ by a null solution for
L. Finally, if N, is spanned by a Tchebycheff system, and L has property (5.3),
then (5.2) has a unigue solution.

If L has property (5.3) then any solution of (5.2) minimizes the expression
min |LF| g,, G4
Fe%
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where % is the flat defined by
U={FeH ™R): M®F(x)=M® f(x),V x € B}.

In this case, consistent with our earlier terminology, we may call any solution of
(5.4) an Lg-spline with a characterization described by (5.2). In particular, the
operator L = (d/dx)" has property (5.3) and, in addition, the monomials 1,
X, ..., X! form a Tchebycheff system so that in this case the unique Lg-spline
satisfying (5.4) is uniquely characterized by (5.2). The special case when B is
compact merits consideration ; say, —oo < g =min, .gx and b =max,.zx < ©,
In this case, if the condition

LF(x)=0 for x<a and x>b {5.2d)

is satisfied, then (5.2) is equivalent to (5.4) without the additional hypothesis
that L has property (5.3). We then say that Fis a natural Lg-spline, which is
clearly consistent with our earlier terminology if B is a finite point set.

Finally, if L has property (5.3) and N is spanned by a Tchebycheff system
then the Lg-spline characterized by (5.2) can be approximated by splines with
finitely many knots. Indeed, let

X={x,, x5, ...}
be a sequence dense in B and consider the truncations
X, ={X1, 00, Xnt
From previous results, the interpolation problem:
L¥Ls (x)=0 xeR-X,
M;s,(x)=M,;f(x) O<i<I(x)—1, x e X, (5.5
s, € MR NHAT(R-X) N Dy
has a unique solution for n > m. Then, asin [7], we now have
THeorReM 5.2. If L has property (5.3) and Ny is spanned by a Tchebycheff

system, then s, — Fin 3 ,™(R), where F uniquely solves (5.2a, b, ¢). In particular
s® converges uniformly to F® on compact subsets of R for 0 <k <m - 1.

In the special case that B is compact, the sequence s, of (5.5) satisfying
Ls(x)=0if x <min, .y, x or x >max, x,X, converges to the unique solution of
(5.2a, b, ¢, d) as in the above theorem, without the assumption that L has
property (5.3).

6. APPROXIMATION OF LINEAR FUNCTIONALS

Let £ be the class of linear functionals defined in §3. We now consider the
problem of approximating a linear functional A; € Z® by a linear combin-
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ation of {A;},* < .£™ in the sense of Sard (cf. [13], [14]). For a = («, ..., &),
set

R@) =X~ 3 A,
i=1

i=

Then for all f € 5£,™, (4.4) yields

R(x)f= R + f ” K(o, %) Lf (x) d, (6.1)
where i € N and K(a,x) = R(@)f (-, x).
THEOREM 6.1. Let {A;};* = £ ™ be such that N N U(0) = (0) and let 5,5, ...,

s, be the Lg-splines satisfying A;s; = 8;;. Then among all « such that R(e) annihi-
lates N, the minimum of

f " [K(o, x)[dx (6.2)
is uniquely attained for o* given by
Oﬁi*=AOSi, 1<i<n,
i.e., D0 a* A, is the best approximation to A in the sense of Sard. Moreover, for

each f € 3,™,
[i “i*/\i]f= AgS,
i1

where s is the Lg-spline interpolating
ri=Af, Igign (6.3)

Proof. First we notice that R(«*)s=0 for every s € &. Indeed, R(c*)
annihilates the basis {s;}," of &, as is easily seen from the relation
R(OC*)SJ' == Aosj - z (AiSj)}\QSi == A()Sj - Aon = 0.

i=1

Next we show that A(-) = K(a*,") — K(a,-) € LY, whenever R(e) anni-
hilates V. By Theorem 2.1, it suffices to show that

f: A(x)Lg(x)dx=0  for every g € U(0).
But

[l A Letax = 3 = a [ 0,0 LeGx) dx

i

M=

. (o — ") A(g +p) =0,

it

since p € N and g € U(0).
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Now let s €.% be such that Ls = 4. Then by (6.1),
0= R(e*)s = f " K(a*, x) Ls(x) dx
= f " K(o*, 0)[K(*, %) — K(o, %)) d,
which implies that
[ k@xpac= [ (k@ xpds+ [ K x) - Kb, 0P ds, (64)
i.e., K(o*,+) minimizes (6.2). We now show that «* is unique. If & minimizes
(6.2), then by (6.4), K(a*,x) — K(e,x) =0 a.e., and we obtain for each

I<j<n,

0= fi [K(e*, x) — K(ot, x)] Ls (x) dx = él (o — ™) A, fz B(-,x) Ls,(x) dx

e

(o —a®)A(S; +p) =o; — aj*, ie., o=a*

i

This completes the proof, since the last statement of the theorem is evident.
Alternately, one may consider the problem (cf. [5])

Ao — i “iAi[
i=1 |

Clearly the minimum is uniquely attained by the linear functional X correspond-
ing to the representer Pk, obtained by projecting the representer k, of A, onto
&, i.e., Af =(f, Pko),» But by the simple properties of projection operators
we have

: (6.5)

min
o

Xf"' fi Pko)yt’zm =(Pf, ko)yfzm =AgS,

where s is the spline interpolating f as in (6.3). It follows that A is the best
approximation of A, in the sense of Sard.

7. INEQUALITY CONSTRAINTS

The preceding theory is capable of even further generalization. In particular,
we shall consider the following minimization problem, where L, 5#," and /A are
as in§l,andr={(r, .., 1), F=(F, ..., Fp) € E"withr < F:

ILsllg, = min [Lf]g,,
Te¥ ) 7.1
U, P)={fe ™ r;<Nf<F, l<j<n}

We shall show below that (7.1) admits of a solution which may be called an
Lg-spline interpolating (r, 7) with respect to /. We also derive a characteriz-
ation theorem for s, similar to Theorem 3.6. Recently, Ritter [12] employed
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quadratic programming methods to investigate the minimization problem
(7.1) in the special case when L= (d/dx)" and A corresponds to Hermite—
Birkhoff type linear functionals. By the use of the variational approach, this
section readily provides extensions of his work in several directions.

We now state

THEOREM 7.1. There exists an s € S, satisfying (1.1). A function s € U(r, F)
solves (7.1), if and only if

f ” LsLg<0 forall ge(sr,7), (1.2)

where U(s, 1, 7F)={s —f: f € U(r, F}. Moreover, any two solutions differ by a
null function in N, and s is the unique solution of (7.1) if and only if

NNO%Us, 1, F)=(0). (7.3)

In particular, N 0 U(r — F, F — r) = (0) implies that (7.1) has a unigue solution.

Proof. For the existence of s it suffices to show that L%(r, ) is a closed,
convex subset of &,. The convexity is obvious. Since the intersection of closed
sets is closed, we need only show that the images under L of the sets

Vi={fe ™\ f<F}, Wi={feHy":Nf>r}

are closed for 1 < i< n. To this end we show that the complement (LV;)° of
LV;in.%,1s open. The closedness of LW, follows in the same way. Since L maps
S, onto &5, an arbitrary element of (LV;)° may be written in the form Lg,
where g € V. We have
Lge(LV) (LY where Y,={fey":\f=F}
Since (L Y;) is open (see §2), there exists a ball B; about Lg, entirely contained
within (LY;)°. We claim B; N LV; = @. Indeed, suppose Lh € B; N LV;, where
h eV, Since X; g > F; and A b <7y, it follows that ¢ = (7, — A, B)/(A\; g — A B)
satisfies 0 < ¢ < 1, and thus, by the convexity of B; and the definition of ¢,
clg+(1—c)lheB; NLY;

which is a contradiction. It follows that (LV;)° is open.

The necessity of (7.2) is the usual convexity inequality satisfied by pro-

jections in Hilbert space. Conversely, if the quasi-orthogonality relation (7.2)
holds, then for any f € %(r, F),

f ” (Lf)? — f ” (Ls)? = f C(ILf-Lsy* +2 f ” Ls(Lf — Ls) > 0,

i.e., s solves (7.1).
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We now show that the difference of any two solutions s and § of (7.1} is in .
Indeed,

0< [*(Ls— L5y = ["Ls(Ls — L5 + [ Ls(Ls — Ls) <O.

Condition (7.3} is clearly necessary for the uniqueness of 5. Conversely, suppose
sand § are two solutions of (7.1) and suppose (7.3) is satisfied. Then

s—§eNNUSs,r,7),

and hence s = §. The final assertion of the theorem is obviocus.
We remark that any solution s of (7.1) is a solution of (1.2) with

U ={fed,": L f=As, 1<i<n,

and thus, in particular, is an Lg-spline. Moreover, if r = 7 then (7.1) reduces to
(1.2), and hence the class of all solutions of (7.1) as r < 7 ranges over E"
coincides with the class & of solutions of (1.2) as r variesin E".

We now derive a characterization theorem for Lg-splines interpolating
(r, 7) with respect to A, where A consists of EHB-type linear functionals (see
§3). In particular, let a < x; <... < x, < b be prescribed knots, and let M,
0<i<li(x;)— 1, be the linear functionals in /A of the form (3.3) involving
derivatives evaluated at x;. As in §3 we augment these to obtain sequences
{M&Pyn-1 1et RSP be defined from the M *? asin Lemma 3.1.

THEOREM 7.2. Let s € U(r, 7). Then s satisfies (1.1) if and only if (3._ 5) holds and

[RFs],, <0 if MEDs(x;) > 1, (7.4a)
[RFs],, =0  if M{s(x) <7, (7.46)
[R§s],, =0 ifry < M&EDs(x) <7y, {7.4c)

forO<i<I(x)—1,1<j<k.

Proof. Since any solution s of (7.1) must be an Lg-spline interpolating
{A;s},® with respect to A, it is clear that conditions (3.5) must be satisfied.
Assume now that M P s(x;) < 7, for some 0 < i < I(x;) — 1. As in the proof of
Theorem 3.2 we construct g € C,°(x; — €, X; + €) such that

[g(xj)’ v g(m-—l)(xj)]T =
T )IMGs(x)), .. MR s(x)), Fiy MERs(x)), ..., MG s(x )],

where &(x,) is the matrix defining the {M{*’}#~! as in Lemma 3.1. Now if
1 <j <k we construct # € C* so that

1 e + 05— x20)/4,
M) ={0  x;—(x;— x4 <1<+ (g — X)/4,
1 t> X501 — (X0 — x4,
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with a similar definition for j = 1 and j = k. Then by construction
S (&) =g(t) + h(t)s(t) € U(r,F),
and
MG f(x,) =M™ s(x,) forall0<v<m—1,1<p<k,except when
v=iand p=j,
M ?”)f (x5) = Fi.
Now, integrating by parts as in §3 yields

0> [*Lsts— L) = 3 "5 ME G~ 1)) R,
a p=1 v=

= M s —f) (%) [RED 8], = {M D 5(x)) — PRI s,

and (7.4b) follows. In a similar manner M s(x;) >r; implies [R{*"s],,<O0,
while finally, condition (7.4¢) is an immediate consequence of (7.4a, b).
For the converse, suppose f € %(r, F). Then

[LLsws =1 = 375 M - 1) (IR,
a u=1 v=

ko Ixp)~1

=2 2 MPF(s—f)(xJIR™ sly,
n=1 =0

since [R{*’s],,=0 for I(x,)<i<m—1, by (3.5). Moreover, if
ME(s—f)(x,) >0 then M{s(x,)>M{f(x,)>r and by (7.4a)
[RE#s],, <0, O<i<lI(x,)—1. Similarly, M{F(s—f)(x,)<0 assures
[R{*¥ 5], > 0 and therefore

f ” Ls(Ls — Lf) <0,

so that by Theorem 7.1, sis an Lg-spline interpolating %(r, 7) with respéct toA.

Various corollaries analogous to those in §3 may be obtained by specializing
either 4 or the operator L. We cite only the following result for g-splines (cf.
[12]).

COROLLARY 7.3. Let L = (d/dx)" and suppose A consists of HB-type linear
Junctionals. Then s € U(r, ) is a solution of (71.1) if and only if it satisfies

sP(x)=0  if xisnot a knot, (7.5a)
S™(x)=0  forx <X, X>Xx, (7.5b)

[s@m=I-D)] —0 if the ith derivative is not specified at the knot x

or ifr, < s (x) < Fy, (7.5¢)

(D)mi[s@m=1-0] >0 if s"(x) =r,; at the knot x, (7.5d)

(1) i[s@m-1-0] <0 ifsYYx) =F; at the knot x. (7.5¢)
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